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Abstract—For the hyperbolic equation with Bessel operator, we study the initial boundary-
value problem with integral nonlocal condition of the second kind in a rectangular domain.
The integral identity method is used to prove the uniqueness of the solution to the posed
problem. The solution is constructed as a Fourier–Bessel series. To justify the existence of the
solution to the nonlocal problem, we obtain suﬃcient conditions to be imposed on the initial
conditions to ensure the convergence of the constructed series in the class of regular solutions.
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1. INTRODUCTION
We consider the hyperbolic equation with Bessel operator
Bu(x, t) ≡ utt − x−k ∂
∂x
(xkux) = 0, (1)
where x > 0 and k is a given real number, k > −1, k = 0. Equation (1), which, after Kipriyanov
[1, p. 7], will be called a B-hyperbolic equation, arises, for example, when switching from Cartesian
to cylindrical coordinates in the wave equation while considering radial gas vibrations in a stationary
inﬁnite cylindrical pipe or when switching to spherical coordinates while considering small vibra-
tions of a gas near its equilibrium position inside an impermeable spherical shell [2, pp. 185, 191].
Pul’kin [3] studied the Cauchy and Cauchy–Goursat problems for Eq. (1) with k ≥ 1. The Tri-
comi problem for a mixed-type equation with a hyperbolic part that coincides with Eq. (1) was
considered in [4, 5].
Let D = {(x, t) : 0 < x < l, 0 < t < T} be a rectangular domain in the Oxt coordinate plane,
where l, T > 0 are given real numbers. In the present paper, for Eq. (1) in the domain D, we study
the following initial value problems with a nonlocal boundary condition of the second kind for k ≥ 1
and −1 < k < 1, k = 0.
Problem 1. Let k ≥ 1. To determine such a solution u(x, t) of the equation
Bu(x, t) ≡ 0, (x, t) ∈ D, (2)
that
u(x, t) ∈ C1(D)⋂C2(D) (3)
and it satisﬁes the initial conditions
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 ≤ x ≤ l, (4)
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